Using the concepts of Bochner measurability and Bochner space, we introduce a continuous version of ( p, Y )-operator frames for a Banach space. We also define independent Bochner ( p, Y )-operator frames for a Banach space and discuss some properties of Bochner ( p, Y )-operator frames.
Introduction and preliminaries
The concept of frames was first introduced in the context of nonharmonic Fourier series [Duffin and Schaeffer 1952] , and after the publication of [Daubechies et al. 1986 ] it has found broad application in signal processing, image processing, data compression and sampling theory. In this paper we introduce Bochner ( p, Y )-operator frames, which are the continuous version of ( p, Y )-operator frames for a Banach space, introduced in [Cao et al. 2008] . The new frames also generalize the continuous p-frames introduced in [Faroughi and Osgooei 2011] .
Throughout this paper H will be a Hilbert space and X will be a Banach space.
Definition 1.1. Let { f i } i∈I be a sequence of elements of H . We say that { f i } i∈I is a frame for H if there exist constants 0 < A ≤ B < ∞ such that for all h ∈ H A h
(1-1)
The constants A and B are called frame bounds. If A, B can be chosen so that A = B, we call this frame an A-tight frame and if A = B = 1 it is called a Parseval frame. If we only have the upper bound, we call { f i } i∈I a Bessel sequence. If { f i } i∈I is a Bessel sequence then the following operators are bounded:
Definition 1.6. A Banach space X has the Radon-Nikodym property if, for every finite measure space ( , , µ) and every (finitely additive) X -valued measure γ on ( , ) that has bounded variation and is absolutely continuous with respect to µ, there is a Bochner-integrable function g : → X such that
for every measurable set E ∈ .
Remark 1.7. Suppose that ( , , µ) is a measure space and X * has the RadonNikodym property. Let 1 ≤ p ≤ ∞. The Bochner space L p (µ, X ) is defined to be the Banach space of (equivalence classes of) X -valued Bochner-measurable functions F on whose L p norm is finite; here the L p norm is defined by
if p is finite, and by the essential supremum of F(ω) if p = ∞. In [Diestel and Uhl 1977; Cengiz 1998; Fleming and Jamison 2008, p. 51] it is proved that if q is such that
)) * if and only if X * has the Radon-Nikodym property. This isometric isomorphism
In the following, we use the notation f, g instead of f, ψ(g) , so for all f ∈ L p (µ, X ) and g ∈ L q (µ, X * )
Hilbert spaces have the Radon-Nikodym property, so in particular, if
where ν : H → H * is the isometric isomorphism between H and H * .
Lemma 1.8. Let ( , , µ) be a measure space and suppose there exists k > 0 such that µ(E) ≥ k for every nonempty measurable set E of . For every ω ∈ , define P ω :
Proof. For a fix ω 0 ∈ , put
Hence
Bochner ( p, Y )-Bessel mappings for X
Throughout this section and the next we will work with a second Banach space Y in addition to X . We denote by B(X, Y ) the space of bounded operators from X to Y .
Definition 2.1. Let 1 < p < ∞, and let F : → B(X, Y ) be a map; we write F ω for F(ω). We say that F is a Bochner ( p, Y )-Bessel mapping for X if the following conditions are met:
(ii) There exists a positive constant B such that
where
We denote by B p X (Y ) the set of all Bochner ( p, Y )-Bessel mappings for X . It is easy to see that this set is closed under addition (defined in the obvious way:
for all x ∈ X and ω ∈ ) and under multiplication by scalars. Thus B p X (Y ) is a vector space. We give it a norm as follows. The Bessel bound of F ∈ B p X (Y ) is the number B F = inf{B > 0 : B satisfies (2-1)}.
. This is clearly a linear map; we should that it is also bounded. For every
for any B satisfying (2-1). Together with the linearity of R F this implies that
It is easy to show that this gives a norm on B p X (Y ). Theorem 2.2. Let ( , , µ) be a measure space and suppose there exists k > 0 such that µ(E) ≥ k for every nonempty measurable set E of . For every 1 < p < ∞, the mapping
given by (F) = R F is a linear isometric isomorphism, and B p X (Y ) is a Banach space over ‫.ރ‬ Proof. Clearly, the mapping is a linear isometry from
By Lemma 1.8, we have ∈ Y * and x ∈ X . Clearly for each x ∈ X the map ω → x, F * ω (y * ) from into ‫ރ‬ is measurable and
Theorem 2.4. Let ( , µ) be a σ -finite measure space with positive measure µ and let = n∈‫ގ‬ K n with K n ⊆ K n+1 . Let 1 < p < ∞, 
is well defined and bounded.
Proof. (i) ⇒ (ii) This is obvious.
Hence, for all n ∈ ‫,ގ‬ A n ∈ B(X, L p (Y )). By the definition of R F , for every n ∈ ‫,ގ‬
This converges to 0 as n → ∞, proving that lim n→∞ A n (x) = R F (x) for all x ∈ X . By the Banach-Steinhaus theorem, R F ∈ B(X, L p (Y )) and R F = sup A n < ∞.
By the Hölder inequality, we have
(iii) ⇒ (iv) Clearly S F is well defined and by the proof of (i) ⇒ (iii) we have
By letting n → ∞ in (2-6), we get F ∈ B p X (Y ). (i) For each x ∈ X , the mapping ω → F ω (x) from into Y is Bochner-measurable.
(ii) There exist positive constants A and B such that
where F . (x) p is as in (2-2). The lower and upper bounds of F are then given by
respectively, the sets of all tight and normalized Bochner ( p, Y )-operator frames for X . 
. By using Remark 1.7, we know that the mapping ψ :
* is a bijective bounded operator and so the adjoint ψ * :
) * is bijective. By using Remark 1.7 again, we obtain a bijective bounded operator
Proof. For each x ∈ X , we have
Proof. By Lemma 3.4, we have R *
Definition 3.7. A Bochner ( p, Y )-operator frame for X is called independent if the operator S F is injective, i.e., if for every f = 0 there exists x ∈ X such that
We denote by IF p X (Y ) the set of all independent Bochner ( p, Y )-operator frames for X .
Theorem 3.8. Let F be an independent Bochner ( p, Y )-operator frame for X . Then R F is invertible.
Proof. We already know that S F is injective. By Lemma 3.4 and Corollary 3.3, we know that R * F is bijective. Hence R F is invertible. Theorem 3.9. Let ( , , µ) be a measure space and suppose there exists k > 0 such that µ(E) ≥ k for every nonempty measurable set E of . For each F ∈ IF p X (Y ), there exists a unique Bochner (q, Y * )-operator frame Q for X * such that for all y ∈ X y, x * = y, F * ω R Q x * (ω) dµ(ω).
Proof. Let F be an independent Bochner ( p, Y )-operator frame for X . Then Theorem 3.8 yields that the operator R F is invertible, so by Lemma 3.4, S F is invertible. We can define Q ω = P ω S −1 F , ω ∈ , where P ω : L q (µ, Y * ) → Y * is defined by P ω (G) = G(ω). By Lemma 1.8, P ω is bounded. Therefore Q ω ∈ B(X * , Y * ), ω ∈ . For each x * ∈ X * , we have Q . (x * ) = S −1
F (x * ), so for each x * ∈ X * , the mapping ω → Q ω (x * ) is Bochner-measurable and
Hence, Q is a Bochner (q, Y * )-operator frame for X * with bounds S F −1 and S −1 F . By the definition of Q, we obtain that R Q = S −1 F and so x * = S F R Q x * , x * ∈ X * . Thus y, x * = y, F * ω R Q x * (ω) dµ(ω), y ∈ X.
Next, we will show the uniqueness of Q. Let W be a Bochner (q, Y * )-operator frame for X * such that for all y ∈ X y, x * = y, F * ω R W x * (ω) dµ(ω), x * ∈ X * .
Thus S F R W = I X * , or R W = S −1 F = R Q . Therefore, W = Q.
